We study the possibility that the Kaluza-Klein monopole (KK6) world-volume action may be obtained from the multiple membranes (M2) action which is described by BLG theory. We first point out that the infinite dimensional Lie 3-algebra based on the Nambu-Poisson structure could not only provide three dimensional manifolds to allow M5 from M2, which was studied by previous authors, but also provide five dimensional manifolds to allow KK6 from M2. We next present a possible way that the U(1) field on KK6 world-volume action could be produced form the gauge potential in BLG theory.
Introduction
The work of Bagger, Lambert and equivalently Gustavsson (BLG theory) [1] [2] [3] [4] had found a theory for multiple M2 branes using a wonderful algebraic structure, Lie 3-algebra [5] [6] [7] . The bosonic part Lagrangian for multiple M2-branes in BLG theory contains kinetic term, potential term and Chern-Simons term, which are
The covariant derivative D µ X I a is defined by D µ X I a = ∂ µ X I a − A b µ a X I b in which A b µ a is a gauge field with two algebraic indices. The indices I, J, K run in 1, · · ·, 8, which specify the transverse directions of M2-brane; µ, ν and λ run in 0, 1, 2, which describe the longitudinal directions. The indices a, b, · · ·, f take values in 1, · · ·, D where D is the number of generators T a of the Lie 3-algebra specified by a set of structure constants f abc d in a trilinear antisymmetric product
2)
It supposes that there is trace-form that provides a metric h ab = T r(T a , T b ), (1.3) which allows us to raise and lower indices: f abcd = f abc e h ed . The consistency condition of Lie 3-algebra is that it must satisfy the so-called fundamental identity [1] :
. (1.4) and
The Lie 3-algebra used in the original BLG model is four-dimensional vector space, denoted as A 4 , which is equivalent to one based on SU (2) × SU (2) and describes only two M2-branes [8] .
It is well-known that Nambu algebras are a particular, infinite-dimensional case of n-Lie algebras. Their n-bracket is provided by the Jacobian determinant of n functions [5] . The use of the Nambu bracket in the context of the BLG model was initially mentioned in [3] and studied extensively in [9, 10] . The novelty introduced by the Nambu bracket is that the infinite-dimensional Lie algebra turns out to be the volume preserving diffeormorphisms group.
More precisely, the scalar field X I and gauge field A µa in BLG are expanded in terms of a basis χ a (y) of Nambu-Poisson bracket [10] 
The coordinate x is the 3 dimensional world volume of M2 brane while coordinate y is the 3 dimensional internal spaces coming from 3-algebra. In this approach Ho and Matsuo [9] found M5 world-volume action from M2 action in BLG theory. This means that they consider an 3 dimensional internal spaces in the world volume of M2 brane and find a six dimensional theory which has some desired properties of an M5 brane. In particularly, they had found the action of a self-dual two form gauge field living on the world volume of M5 brane. Note that the decomposability [6] of the Nambu-Poisson bracket tells us that, locally one can always choose 3 coordinates (µ, ν, λ) = (x 1 , x 2 , x 3 ) in terms of which the bracket is simply
At first sight, the rest of the coordinates (x i , for i > 3) will not induce derivative components and there can never be more than 3 of the x i to turn into covariant derivatives in studying M5 from M2. Thus the decomposability of the Nambu-Poisson bracket is the mathematical basis of why there are no other Mp-branes with p = 5, as mentioned in [10] .
However, in M-theory there are Kaluza-Klein monopole (KK6) object which is a six dimensional object. As discussed in [11] , a special feature of the Kaluza-Klein monopole is that one of its four transverse directions corresponds to the isometry direction in the Taub-NUT space of the monopole [12] . Since the monopole cannot move in this direction one should not associate a physical worldvolume scalar to it. It was argued in [13] that M2-brane can only intersect with KK6 over a 0-brane such that one of the worldvolume directions of the M-2-brane coincides with the isometry direction z of the Taub-NUT space
In the previous study [10] , as M2-brane can intersect with M5 over a 1-brane, i.e. (1|M 2, M 5), we need extra 3 dimensional internal spaces from 3-algebra in M2 brane to have 5 space dimensions in the world volume of M5. The extra 3 dimensional internal spaces is that in Nambu-Poisson bracket. However, in considering (0|M 2, KK6) we need extra 5 dimensional internal spaces from 3-algebra in M2 brane to have 6 space dimensions in the world volume of KK6. This seems to conflict to the relation (1.8).
In section 2 we point out that the infinite dimensional Lie 3-algebra based on the NambuPoisson structure could provide five dimensional manifolds to allow KK6 from M2. In section 3 we present a possible way that the U(1) field on KK6 world-volume action [14] could be produced form the gauge potential in BLG action.
Brane Worldvolume from N-Lie Algebras
Simple observation. Let us first consider the simplest case : 2-Lie algebra. In this case the fundamental identity (1.4) is the Jacobi identity.
It is a simple work to prove that the following three representations
all automatically satisfies the Jacobi identity.
In fact, we can furthermore prove that the representation
5) also satisfies the Jacobi identity. In this case of 2-algebra we see that the property of decomposability does not constrain to appearing derivatives no more than 2 coordinates, contrasts to the previous belief.
Therefore it is naturally to suspect that, in the case of 3-algebra with (µ, ν, λ) = ( 6) will satisfies the fundamental identity. In fact, we can easily see this property from the following theorem.
Theorem 1
Theorem 1 : (n-k) Lie algebras from n-Lie algebras. Let G be an arbitrary n-Lie algebra and k fixing elements
Then, the (n-k)-bracket defined above satisfies the fundamental identity (1.4).
Proof : Clearly, with A i fixed, the n-bracket implies the equality
Using definition (2.7) above relation becomes
which just is the equality of (n-k)-bracket. This extends the theorem of k = 1 in [7] .
Application 1: For the case of k=1: Now, using the decomposability [6] of the Nambu-Poisson bracket of 3-algebra we can find the 2-algebra from above theorem by define
We then obtain the representation (2.5). Of course we can see that the representations
also satisfy the fundamental identity. The difference between them is the order of (x,y,z) and may be unable to affect the physical result.
Application 2: For the case of k=1: Now, using the decomposability [6] of the Nambu-Poisson bracket of 4-algebra we can find the 3-algebra from above theorem by fixing
and we obtain the representation (2.6). Thus, we have extra 4 internal spaces from 3-algebra in BLG theory.
Application 3:
For the case of k=2 we can use the decomposability [6] of the Nambu-Poisson bracket of 5-algebra to find the 3-algebra from above theorem by fixing
Thus, we have extra 5 dimensional internal spaces from 3-algebra in BLG theory, which may be used to describe KK6. Note that, above choice of A 1 and A 2 seems that it has only symmetry
In fact, many other choice could also give extra 5 dimensional internal spaces while preserve different symmetry. As each choice will count unequal times for x i it seems that each choice will give different physical. So, let us turn to the following observation.
Furthermore observation. Beside (2.2) and (2.3) we define 15) which also automatically satisfies the Jacobi identity. Then, it can furthermore be proved that the representation
also satisfies the Jacobi identity. In this case of 2-algebra we see that it could appearing derivatives more than 3 coordinates. Therefore, in case of (µ, ν, λ) = (x 1 , x 2 , x 3 , x 4 , x 5 ) and 17) satisfies the fundamental identity then we will have a desired dimension of internal space coming from 3-algebra to have KK6 from M2. To see this let us prove the relevant theorem below.
Theorem 2
Theorem 2 :
the fundamental identity could be satisfied up to a total derivative in arbitrary space dimension, i.e.
Proof : Consider the arbitrary function f i and g j with antisymmetrization of n+1 indices k, j 1 , ···j n
The zero value in the above equation could be easily seen as the partial derivative index k is antisymmetric with partial derivative indices j 1 , · · ·j n . Above equation implies
(2.20) Using the property that
the first term in right-hand side of (2.20) becomes
In a same way we can find the similar relations for the second and third terms in right-hand side of (2.20). Collect the results we finally find the relation
(2.23) It is important to see that the minus term can be expressed as
with the help of property II in (2.21). Using again the property I in (2.19) we see that (2.24) becomes
Therefore, in the arbitrary spaces the fundamental identity could be satisfied up to a total derivative. Thus we have the following results:
Application 4: In the case of n-algebra with n spaces then any antisymmetrization of more than n indices gives zero, a trick that leads to the so-called "Schouten identities" [7] . Thus
which is an exact relation and fundamental identity is satisfied [7] . This prove the decomposability [6] of the Nambu-Poisson bracket.
Application 5:
In the case of n-algebra with n + 1 spaces then use above result and theorem 1 we see that the fundamental identity is also satisfied. The case of application 2 is that of n=3.
The total derivative in the case of applications 4 and 5 is zero. We have also checked the case of 3-algebra with 5 spaces and find that the total derivative term is not zero. However, the fundamental identity shall be satisfied to have a supersymmetry property in BLG theory [2] .
Supersymmetry in NB BLG theory
To solve the problem we see that the variation of potential term in (
. Now, let us recall the property that the Lie-n algebra structure constant is defined by
Thus, corresponding to (2.24) there is an "extra" term from the variation of potential term, which we investigate in below.
in which we have used the property II in (2.21). Now, using (2.27) we see that the second term in (2.28) becomes
in which we have used the metric form h ab defined in (1.3). As the field χ(y) in (1.6) is the field g in (2.28) and coordinate y is the extra dimensional internal spaces coming from n-algebra [10] , we thus find that the term (2.29) only contributes a constant to the action of extra dimensional internal space part.
In conclusion, even if the Nambu-Poisson n-bracket could satisfy the fundamental identity only up to a total derivative in arbitrary space dimension the BLG Lagrangian still has invariant property up to a finite total derivative term, and NB BLG action could preserve the supersymmetry. This means that we could have extra 5 dimensional internal spaces from 3-algebra in M2 brane to have 6 space dimensions in the world volume of KK6. And, in general we could have arbitrary extra dimensional internal space from 3-algebra in M2 brane in BLG theory.
U(1) Field on KK6 from BLG
It is known that the M5 world-volume action contains self-dual 2-form gauge fields. In M5 form M2 [10] it is found that the self-dual 2-form gauge fields A µν in M5 could be produced from 1-form gauge fields A a µb in M2 BLG theory. Now, as the KK6 world-volume action contains U(1) 1-form gauge fields [14] we have to show how the gauge field (denoted asÃ µ ) could be produced from A a µb field in BLG theory. For complete we will detail our approach in below.
U(1) Field from Scalar Field Potential
We show in this subsection how some fields on KK6 could be produced from scalar field potential
• First, the scalar field X I and gauge field A µab in BLG are expanded in terms of a basis χ a (y) of Nambu-Poisson bracket
as that in the case of M5 from M2 [10] . The coordinate x is the 3 dimensional world volume of M2 brane while coordinate y is the extra 4 dimensional internal spaces coming from NB Lie 3-algebra. The theorem shown in section II tells us that we can have sufficiently extra dimension to allow KK6 from M2. Thus, totally we could have 7 dimensional spacetimes of KK6. We use µ, ν, λ to label the longitudinal coordinate x of the M2 worldvolume, which contain the isometry direction
• Now, we consider a fluctuation fieldÃμ appearing on the 3-algebra coordinate y and expand the field Xμ(x, y) by Xμ(x, y) = yμ +Ãμ(x, y), (3.4) as that in [10] . The NB Lie-3 algebra is defined by
and we have a relation
Using the properties of (3.5) and (3.6) we can find that
The dot term in (3.7) is a constant (coming from (ǫμνλ) 2 ) or the terms linear in ∂Ãμ(x, y) which becomes zero after integration by part in the action. The term O(Ã 3 ) are also neglected as we consider only the quadratic terms ofÃμ(x, y) behavior in this paper.
In the same way we find that
The 3rd and 4th terms in (3.3) have no quadratic terms ofÃμ and are also neglected.
• Note that in [10] it defines ǫμνλÃλ ≡ Aμν which is identified as a part of self-dual 2-form gauge fields on M5. In this paper we letÃλ itself as a part of U(1) gauge fields on KK6.
U(1) Field from Chern-Simon Term
We show in this subsection how some fields on KK6 could be produced from Chern-Simons term of 1-form gauge field A µab in BLG.
• First, using the definition (3.2) the Chern-Simons term in (1.1) can be rewritten as
(3.9)
• Next, we pick the first five basis in (3.2) as coordinates, i.e.
The rest of the basis correspond to higher oscillations modes and are ignored, as that in [10] . Using the NB property of (3.5) the Chern-Simons term in (3.9) can be easily calculated. The results are 11) in which A µν = A µba χ b whileν = a as we pick only first five basis. To read the U(1) gauge field A µ from (3.11) we need to use the isometric property of KK6 and is discussed in section 3.4.
U(1) Field from Scalar Field Kinetic Term
We show in this subsection how some fields on KK6 could be produced from scalar field kinetic term (D µ X I ) 2 in BLG.
• Using (3.4) ∼ (3.6) and (3.10) the kinetic term in (1.1) could be calculated as following [10] . Using the relation
we can find that
in which we keep only the linear in A.
Now, the total kinetic term of scalar field X i on the KK6 could be found in (3.8) and (3.15).
• Note that a part of U(1) gauge fields kinetic term has been shown in (3.7). What we lack is the terms ∂μÃ ν , ∂ µÃν and ∂ µÃν which shall come from the terms in (3.11) and (3.15) to obtain the U(1) Lagrangian on KK6. We will in next subsection see that the isometry property of KK6 plays an important role to obtain the desired terms.
U(1) Field and Isometry of KK6
• First, we note that the indices µ, ν, λ label the longitudinal coordinate of the M2 worldvolume, which contains the isometry direction z. However, as mentioned in section one, the KK monopole cannot move in this direction one should not associate a physical worldvolume scalar to it. Therefore we will first separate the index µ(=0,1,2) toμ(=0,1) and z. Thus the worldvolume of KK6 has the five indexμ(=3,..,8) plus 2 indexμ(=0,1).
• Next, under the above decomposition of index the Chern-Simons term (3.11) becomes
To obtain above result we have performed integration by part and define
We also let
This is because that M2-brane can only intersect with KK6 over a 0-brane such that one of the worldvolume directions of the M-2-brane coincides with the isometry direction z, which is a wrapped M2 brane [13] , and thus the coordinate z dose not belong to worldvolume of KK6. Note that above procedure is actually performing a (worldvolume) dimensional reduction of the BLG theory in the z direction, as made explicit by the Eq. (3.18) and the fact that one starts with 3 original + 5 emergent worldvolume directions and ends up with a 7-dimensional worldvolume, as expected for a KK6 in M-theory.
• After decomposition the kinetic term (3.15) becomes
in which we have used the relations (3.17) and (3.18). We also define the fieldÃμ by the relation
The fieldÃ z in (3.19) is special and need a careful treatment.
• To proceed, we know that as the z is the isometry direction the coordinate z dose not belong to worldvolume of KK6. Thus the fieldÃ z in here is not a dynamic field on KK6 worldvolume and shall be eliminated. This can be done as following. Next, take a variation with respective to ∂νÃ z we can find the solution of field ∂νÃ z . The result is ∂νÃ z = −ǫμν∂μAνμ.
(3.22)
Finally, substitute the above solution into (3.21) we therefore can eliminateÃ z and find that the Lagrangian contains the term L ∼ (ǫμν∂μAνμ)(ǫλδ∂λAμ δ ) + · · ·.
(3.23)
• Now we come to the final step. We define above term as (ǫμν∂μAνμ)(ǫλδ∂λAμ δ ) ≡ (∂μÃν − ∂νÃμ)(∂μÃν − ∂νÃμ). Aμ depends on coordinateν. Therefore, we can find the U(1) gauge fieldsÃμ(x, y) from the gauge field A a µb field in BLG theory and obtain the desired U(1) Lagrangian from the BLG action. These complete our investigations.
Discussion
In this paper, we consider that the BLG is an universal M2 theory. Then BLG action shall be able to produce worldvolume action of more extended objects besides M5 [15] . We first establish the general theorem to see that we could have sufficient extra dimensional internal spaces from 3-algebra in M2 brane to have 6 space dimensions in the world volume of KK6. We next use the special property of isometry direction in (0|M 2, KK6) to find the U(1) field on KK6 world-volume action. Thus, we have found a possibility that the Kaluza-Klein monopole (KK6) world-volume action may be obtained from the multiple M2 action which is described by BLG theory.
Finally, as there is the configuration (1|M 2, M 9) [11] it will be interesting to derive the M9 action from M2. In this case as the M9 is a massive brane [16] it needs to carefully deal with. Note that the action of the multiple M2-branes in M-theory was also found by Aharony, Bergman, Jafferis and Maldacena (ABJM) [17] after the ground-breaking works of BLG theory. The problem of KK6 from M2 in ABJM theory is also deserved to be investigated [18] .
